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Periodic Steady States (PSS)

Solve circuit equations

d
dt q

(
x(t)

)
+ i

(
x(t)

)
+ s(t)︸ ︷︷ ︸

f (x(t),t)

= 0

x(t),s(t),q(x), i(x) ∈ Rn

with periodic input

s(t) = s(t+T ),

e.g. s(t) = c sin
(2πt

T

)
under periodicity constrain

x(t) = x(t+T )
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Harmonic Balance (HB)

Approximate solution by truncated Fourier series

x(t) =
N

∑
k=−N

Xk e
jωt , ω = 2π

T

Galerkin discretization

jωℓ

T∫
0

q
(
x(t)

)
e−jωℓt dt+

T∫
0

f
(
x(t), t

)
e−jωℓt dt = 0, ℓ=−N , . . . ,N

Numerical integration (Trapezoidal Rule) results in nonlinear system

ΩF q
(

F H
X
)
+F f

(
F H
X
)
=ΩQ(X )+F (X ) = 0

Solved by Newton's method
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2-Tone Signals

x(t) := x̂(t, t), x̂(t1, t2) = x̂(t1+T1, t2) = x̂(t1, t2+T2)

x(t) = ∑
k,ℓ∈Z

Xk,ℓe
j(kω1+ℓω2)t

Sparse spectrum
|X( f )|

f
f0 f0 + ∆ f2∆ f 3∆ f 2 f0 3 f02 f0 − ∆ ff0 − ∆ f∆ f 2 f0 + ∆ f

∆f = f2−k f 1, k ∈ Z
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Multi-rate PDE

Multi tone source term s(t) = ŝ(t, t)

Solve

∂

∂ t1
q
(
x̂(t1, t2)

)
+ ∂

∂ t2
q
(
x̂(t1, t2)

)
+ i

(
x̂(t1, t2)

)
+ ŝ(t1, t2) = 0

with x̂(t1, t2) = x̂(t1+T1, t2) = x̂(t1, t2+T2)

x(t) = x̂(t, t) is the quasi-periodic steady state solution.
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+ ŝ(t1, t2) = 0

with x̂(t1, t2) = x̂(t1+T1, t2) = x̂(t1, t2+T2)

x(t) = x̂(t, t) is the quasi-periodic steady state solution.

K. Bittner (FH-OÖ) 29. Juli 2021 5 / 10



2-tone HB

Approximate solution by truncated Fourier series

x̂(t1, t2) = ∑
∥(k,ℓ)∥≤N

Xk,ℓe
j(kω1t1+ℓω2t2)

As before discretization leads to a nonlinear system

j(ω1k+ω2ℓ) Qk,ℓ(X )+Fk,ℓ(X ) = 0, ∥(k, ℓ)∥ ≤ N
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Small signal perturbation technique

x0(t) PSS for source term s0(t)

Small perturbation s(t) = s0(t)+∆s(t) of source leads to

perturbation x(t) = x0(t)+∆x(t) of solution.

Linearization yields

d

dt

(
dq
dx

(
x0(t)

)︸ ︷︷ ︸
C(t)

∆x(t)
)
+ di

dx

(
x0(t)

)︸ ︷︷ ︸
G(t)

∆x(t)+∆s(t) = 0

Linear non-stationary ODE
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Small signal perturbation technique

∆s = ŝ e j(nω+∆ω)t

Fourier Expansion:

C (t) = ∑
k∈Z

Cke
jkωt , G (t) = ∑

k∈Z
Gke

jkωt , x(t) = ∑
k∈Z

Xke
j(kω+∆ω)t

j(ωℓ+∆ω) ∑
k∈Z

Cℓ−k Xk + ∑
k∈Z

Gℓ−k Xk = ŝδkn

Truncation and Approximation of Ck and Gk yields a �nite linear

system

X-Parameter computation for ∆ω = 0 possible.
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Test with Gilbert mixer

LO Input: 100MHz

RF Input: 99.9MHz ; ∆f = 0.1MHz

2-tone Output:
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HB vs. Perturbation

Sweep over RF amplitude

10-4 10-3 10-2 10-1 100

Vin

10-10

10-8

10-6

10-4

10-2

Pert. |X(0.1MHz)|
HB2 |X(0.1MHz)|
HB2 |X(0.2MHz)|
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