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Tanh Non-Linearity (Domain)

Ezample non—linear System

— tanh(?)

. — Table[tan.h[a cos(#)), {a lJ,o 1]]

= cost e D(F,) forall a = 0with |[F(cost)ll,, < V2.
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Tanh Non-Linearity — Scattering Operator (Gain Function)

« Reminder:

D(S)={veD(F) | AP with F(y)=A¢}
S(y) = Ay

Gain Function

Set (Acos)(t) = G,(t) forall a=0
= cost € D(S,) forall a=0with |[S,(cost)ll,, < V2m and S, (cos t)=G,(t).
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Tanh as Memoryless Non-Linear L2 System

* Recall:
These are Systems that are obtained as L2 limits of the composition of a
polynomial sequence defined by a fixed coefficent sequence with the input
sequence.
For ¢ £ [2 () we define a non-linear operator J. by
Fole) = 3 cus”
=il
with domain of definition
N
D(F.) = {:.- c Lo (0,27) | \]EEL_ Erns" exists as Lo —limit} .
() — 0, if n 1seven
Call) =194 2n '-'f.!;:;_ll_';!]m"' Zoa®, if no isodd,
where B, are the Bernoulli numbers and a is the amplitude.
— RESTARHe



Tanh as Memoryless Non-Linear L2 System (Convolution Test)

by = 0 and define h, = -1‘”{%,:*} forall n € Fy.

n=il

App|y Foleost) =37  bacos™ e Lo (0,2) iff (Lh, b+ b) < oc with

175 (cost) [}, = 2m (Lh,b+b).

In addition if {Lh,b+b) < o the series Fy (cost) converges a.e being also
the Lo limit.
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Convolution Test

= cost ED(TC(a)) forall 0<a< m/2.
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Scattering sequences

Theorem 3.2. Under appropriate conditions on ¢ € [y (C) and if cn = 0 we obtain
fora = Oand ) € [0, 2m)

) e i+l 29 4|1
mg (acos(t+48)) () = :-‘MZ Cojt 1| +1 (E) J ( / + | |)

)
F=0 - J

More general we can look at the case F.(ncost) € Lo (0, 27) for some gen-
eral .. Consequently F. (acost) = 3 - ane'™ with (an), 5 € l2(C). Then
formally

i

. e e 1 T
mg, (acos(t)) () = - Z i1, i (lH — 1] %)

ned

A matlab program was written for calculating the sequence with both
represenations and checking their validity.
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Fourier Series of Tanh(a Cos(t))

By elementary transformations:

+ b

1 0, if n 1seven
— tanh (acost) cos (mt) dt = o f +I cos(mi) i
2 Jy 2 .Ir_'g ool

1
(-1t . .
e-Taeet At — — ) . if n isodd

CRVZ convergence accleration Method for geometric series (H. Cohen, F. R. Villegas, D. Zagier,
Experiment Math., Volume 9, Issue 1, 3-12) leads to consideration of with full error control

/ e 720 pog (mit) df,  moodd

Possibility 1: Expansion of e 724 ¢St into a Bessel | series (usable for small a).
* Problem 1: Calculate

T (u) T, ()
— Y I'irl'!.
SN

A 1}, n-th Chebyshev polynomial
Vi1 —n

Possibility 2: Calculate a finite Laplace transform on [0,1] (usable for moderate sized a).
Problem 2: Calculate

f;-”UI'J .—'_muf
r £ i
Jo vl —wus
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Fourier Series of Tanh(a Cos(t))

Problem 1 is solved by using a multiplication theorem for Chebyshev polynomial.

Problem 2 is solved by using the analytic expression for the Chebyshev polynomial and properties of
derivatives of Bessell and Struve L functions.

L Py
T (u) _o . mel T . . 1
———e " du=(-1)"" =M_n(2a) — L1 | —
/[; N uzf du = (—1) ) e | S0 ) m—1 70

Mypi(z)=Ln(z)—1niz). Ly Struve L function und [,;, Bessel I function of order L,

L1 are polynomials of degree m — 1.

Struve L functions are not available in matlab but can be obtained by the the generalized hypergeometric
function ;F, which is available in matlab.
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Fourier Series of Tanh(a Cos(t))

Problem 3 The Definition of the Struve M function becomes numerically unstable for large arguments

Numerical Instabihity
[

— L.i(g)
— Liig)
101

/S — Ll
-III / — IL3(z)
\ / — L.s(2)
\ — Ls(2)
\
'\.‘\\ cﬂﬁ
AN _,_;f*""ﬁ
_ = - /
— 1 ) - P

Problem 3 is solved by using the following integral representation

o )Tty ‘/;215?{2;) : sin (tz) (1-12)"~} dt

(Rrv<3%,2>0)
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Open Problems

— Scattering sequence for tanh(a cost) for amplitudes a > ~.

— Is were another representation for the scattering sequence than in the
memoryless case and that is the relation between both.
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