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Definition of Non-Linear Scattering Matrices

Scattering Variables a, b (see [1])

aq R
by
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U Ahi byi
ap éU
bp |7

Matrices A, B of in and outgoing scattering states
A= (a; - ap), B= (by - bp) € C'*P a = vec(A4),b = vec(B) € C?

In case of infinite harmonics the vec operation makes no sense and one has to
redefine the matrices A and B as the transpose. The above definition
corresponds to the formulation in [1].
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Definition of Non-Linear Scattering Matrices

Non linear scattering matrix (see [1],[2])

b(A) = S(A)a, S(A) € CHP*HP

Existence of S(A) follows from global scattering solutions

satisfying asymptotic boundary conditions (eg. for nonlinear interactions in
guantum scattering theory see [2]).

If S does not depend on A this equation determines S uniquely.

For nonlinear interactions S depends on A and uniqueness cannot be
ensured.

Minimal assumption : S(A) is defined and continuous in A on some
domain Q 3 0.
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Example

Two port network with 3 harmonics
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Inverse Scattering Problem for 2 Ports and One Frequency

Problem: Is it possible to determine S(A) from the scattering variables b(A4)?
Let's have a look at the two port case with one frequency index.

Here a = (ZZ) and

b(A) = b(ay, a,) = (bl(al,az)):

al)
bZ(ali a?)— a;

_ _ unknown elements of the scattering matrix
and S is assumed to be continuous on Q; X Q, 3 0.

For (a;,a,) € Q; \{0} X Q;\{0}set
o (ar,az) = (222 2 “”“2)).

a1 ar
Then S, extends continuously to Q; x Q, with
. b(ai,0) _ 511(0»0)) . b(0az) _ (521(0;0))
Jim 2019 = 22 0,0)=(51 gy and im 202 = 22 00=(71 ¢
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Inverse Scattering Problem for 2 Ports and One Frequency, S, Matrix

By definition

Sy (0,0) =5(0,0) and for (a;,a,) € (31 x Q,cC? )
S0 (a1, 0) (¢) =52, 0) (3) resp. Sy (0.a2) (o, )=S0 @) ().

Such an S, is not uniquely defined. For continuous functions ®,,, ®;,, ®,,, ®,, on
with Q; X Q, ®,,(a;,0)=d,,(a;,0)=0 resp. ®;, (0,a,)=P,, (0,a,)=0 define

®,4(ay, az) cl)12(611,612))
¢21(a1,a2) cl)22(611,612)

8So (ay,a;) = <

Then S, + 8S, also satisfies (*). Such 65, is obtained by 6S, (a;,a,) = S(ay,a,)-
So(aq, a,) which trivially satisfies Sy(ay, a,) +8S, (a;,a,) = S(ay,a,) but since S is
not known this is of no help.
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Inverse Scattering Problem for 2 Ports and One Frequency, S, Matrix

Summary
- S, depends only on scattering data.
- Sy is continuous on Q; x Q,.

- Sy coincides with the scattering matrix in the linear case and is uniquely
defined.

— Sy is non unigue in the non-linear case.
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Inverse Scattering Problem for 2 Ports and One Frequency,AS Matrix

Problem: S, does not satisfy

So (ay,az)a = S(ay,a;)a.
Goal: Find such a matrix with this property which depends only on scattering data
Idea: Since S, coincides with S in the linear case we split off S, from S and define

AS(al, az) == S(al, az) - SO (al, az)
Then

AS(aq, az)a = Ab(a,, az) with Ab(a,, az) = b(a4, az)'b(ab 0)-b(0, az)-

Try to solve for the matrix components of AS(a4, a,)!
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Inverse Scattering Problem for 2 Ports and One Frequency,AS Matrix

Solution: For all (a,,a,) € Q; \{0} x Q;\{0}
AS(aq,a;) = D(ay,a;) + R(aq, az)
where D(aq,a,) = diag(a) tdiag(Ab(ay, a,)) is diagonal and

®,(ay, az)

R(alr az) = <—CD2 (a1' Clz)

)(—az a) (%)

IS a rank one matrix with

ASi-,(aq,a AS,4(aq,a
122 1,42) and q)z(apaz) — 2151 1 2).
1 2

®,(ay, az) =

Observe that a € Ker(R(aq,a,)) implying AS(a,,a,)a = D(a4, a,)a. As before
AS(aq, a,) is not uniquely defined in the non-linear case since a rank one matrix of
the form (=) with arbitrary functions ®, (a4, a,), ®,(a4,a,) can be added.
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Inverse Scattering Problem for 2 Ports and One Frequency, Final Solution

Ifa; = 0ora, = 0set
S(ay,a;) = So(ay, az),
otherwise set
SD(aq, a;)=5q¢(aq, az)+D(ay, az).
Then

SD(aq,a,)a=S(a4, a,)a holds for all (a;,a,) € Q; X Q,.
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Inverse Scattering Problem for 2 Ports and One Frequency,Final Solution

Summary
 SD(aq,a,) depends only on scattering data.

« SD(a4,a,) coincides with the scattering matrix in the linear case since
then Ab(a4,a,) = 0 and is uniguely defined.

* SD(aq,a,) is non unique in the non-linear case.

To do: Is SD(a4, a,) continuous at zero or more general how can it be made
continuous at zero?
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To Do List

Show continuity or find a continuous representative

Try to extend the above reasoning to more ports and more frequencies
Connection to X Parameters?

Connection to Volterra Series?

Connection to Floquet theory?

Connection to IMD and Interception Points?
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